



Automorphisms as brane non-local transformations
Joan Simon
Departament ECM, Facultat de F´ısica, Universitat de Barcelona and Institut de F´ısica d’Altes Energies
Av. Diagonal 647, E-08028 Barcelona, Spain
and
Department of Particle Physics, The Weizmann Institute of Science
2 Herzl Streeet, 76100 Rehovot, Israel.
E-mail: jsimon@weizmann.ac.il.
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I. INTRODUCTION
The relation among spacetime supersymmetry alge-
bras and superbrane eective actions is nowadays quite
well understood [1]. The latter provide a eld theory re-
alization of the former. It then follows that there must
exist, to certain extent, a parallelism among a pure al-
gebraic approach to M-theory (string theory) and a eld
theory approach on branes. In particular, BPS states
can be algebraically characterized by the saturation of
a BPS bound associated with the positivity of the ma-
trix < αjfQα , Qβgjα > 0 for all Cliord valued states
jα > [2]. Such states do have a eld theory description
in terms of a special class of eld congurations, the so
called BPS configurations. These saturate a bound on the
eld theoretic energy functional whenever certain func-
tional constraints or BPS equations, are satised [3]. The
latter can be derived [4] either from a direct hamiltonian
analysis or from the resolution of the kappa symmetry
preserving condition (Γκ = ) [5] that any supersym-
metric (bosonic) conguration must satisfy.
It has been lately stressed [6{9] that the maximal au-
tomorphism group of the N = 1 D = 11 SuperPoincare
algebra is GL(32,R). This raises a natural question : is
there any eld theory realization for such automorphism
group or a subgroup of it ?. In [6], it was already pointed
out the existence of an M5-brane symmetry correspond-
ing to one of such automorphism transformations. One
of the purposes of this paper is to go in this direction.
We shall concentrate on branes propagating in Super-
Poincare superspace. Since the Lorentz group is a sub-
group of the corresponding automorphism group, it is
already clear that such a subgroup will be linearly real-
ized on the brane (before any gauge xing). On the other
hand, since \central charges" appearing in maximal Su-
perPoincare algebras admit a eld theory realization in
terms of topological charges given by world space inte-
grals involving derivatives of the brane dynamical elds,
and they are generically \rotated" under automorphism
transformations [9], one should also expect, if any, the
existence of non-local transformations in the eld theory
side.
We shall provide evidence for the existence of such non-
local transformations. We shall start by analysing the
automorphism group of the N = 2 D = 10 type IIB Su-
perPoincare algebra. It will be shown that such group
contains an SL(2,R) factor, the corresponding U-duality
group in ten dimensional type IIB theory 1. We shall
identify its SO(2) subgroup with the non-local SO(2)
transformations found in [10] by analyzing them on some
particular class of on-shell BPS congurations, dyons [3].
Performing a longitudinal T-duality transformation, we
shall nd new non-local transformations leaving the D2-
brane eective action invariant. The new feature of the
latter transformations is that they also involve bosonic
scalar matter elds. The existence of these transforma-
tions again matches the corresponding SO(32) automor-
1It would be interesting to know whether this relation among
the automorphism group and the U-duality group extends to
lower dimensional superalgebras.
1
phism transformations of the N = 2 D = 10 type IIA
SuperPoincare algebra derived from a pure algebraic for-
mulation describing T-duality among type IIA and type
IIB superalgebras [11]. When applied on-shell, they map
(among others) fundamental strings ending on the D2-
brane (BIons) with two intersecting D2-branes at a point
(D2 ? D2(0)). We end up with the M-theory interpre-
tation of these new type IIA transformations. These are
rotations (elements of SO(10) 2 SO(32)) involving the
extra (eleventh) dimension. This interpretation is con-
sistent with the well-known fact that an S-duality trans-
formation in type IIB is a rotation interchanging the two
independent cycles on the 2-torus in M-theory [12]. From
the eld theory perspective (M2-brane eective action),
the origin of the type IIA non-local transformations is the
three dimensional world volume dualization [13], needed
to map the membrane action to the D2-brane action,
which transforms the linearly realized rotations into the
forementioned non-local ones. In this way, consistency of
these new transformations with the known web of duali-
ties in M/string theories is proved.
II. S-DUALITY, AUTOMORPHISMS AND
D3-BRANES
The basic anticommutation relation dening the type
IIB N = 2 D = 10 SuperPoincare algebra 2 is given by
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It would be important in the following to remember
that all previous charges appearing in the right hand
side of equation (1) are associated with single ν = 12
BPS branes in certain directions of spacetime. In partic-
ular, the three form spacelike components Ymnp describe
D3-branes standing along the mnp-hyperplane. Anal-
ogously, the one form spacelike components Y (1)m and
Y
(3)
m correspond to D-strings and fundamental strings
stretching along the xm direction, respectively, whereas
the ve form spacelike components Y +(1)m1...m5 , Y
+(3)
m1...m5
and Y +(0)m1...m5 describe D5-branes, NS5-branes and KK5B
monopoles along the m1 . . . m5-hyperplane, respectively.
2We are using the same notation and coventions as those
used in [11].
Just as for the N = 1 D = 11 SuperPoincare algebra,
one could ask about its maximal automorphism group.
The latter certainly contains an SL(2,R) factor acting
on the internal indeces i, j. If we consider the transfor-
mation ~Qi = (U Q)i, U 2 SL(2,R), the latter will indeed
be an automorphism of the algebra (1) if the charges on
the right hand side transform as
~Zij = (UZU tij . (4)
Let us briefly study the elementary transformations gen-
erated by Ua = eατa/2 a = 1, 3 and U2 = eαiτ2/2, where
fτA A = 1, 2, 3g is the set of Pauli matrices. Direct
application of the transformation law (4) determines the
corresponding charge transformations. Since Ua = U ta, it
can be checked that Y (0)M and Y
(a)
M transform under an




















2 SO(1, 1) . (6)








, all other charges remaining invari-
ant, due to the Pauli matrices algebra. Notice that Y (0)0
transforms, so that the energy is not left invariant under
such transformations.
On the other hand, since U−12 = U
t
2, the subgroup
generated by U2(α) transformations corresponds to the
SO(2) subgroup preserving the energy. In this case Y (1)M





















2 SO(2) . (8)
Analogous transformation properties are shared by the
ve form pair fY +(1)M1...M5 , Y
+(3)
M1...M5
g. All other charges
remain invariant, including Ymnp and Y
+(0)
m1...m5 .
Notice that U2(α) includes S-duality transformations.
Indeed, U2(pi/2) interchanges D-strings with fundamen-
tal strings, and D5-branes with NS5-branes, whereas D3-
branes and KK5B monopoles are left invariant, in agree-
ment with their known S-selfdual properties.
We shall concentrate in the following on U2(α) trans-
formations and their world volume realization. The nat-
ural brane eective action where one might look for such
2
transformations is the D3-brane eective action. There
are two basic reasons for such choice. The rst one is
the breaking of the automorphism group by the presence
of the brane [7]. Due to the S-duality covariance of the
D3-brane eective action, this seems to be a good choice.
Furthermore, such classical action is known to admit soli-
tonic solutions corresponding to (p, q)-strings (dyons). It
is then natural to look for symmetry transformations re-
lating (p, q)-strings with (p0, q0)-strings.
We shall thus concentrate on D3-branes propagating
in SuperPoincare. Its N = 2 supersymmetry and kappa
invariant action is given by
SD3 =
Z
d4σ (LDBI + LWZ)
LDBI = −
q
−det (Gµν + Fµν) ,
LWZ = C(2) F + C(4) , (9)
where
Gµν = mµ nνηmn
F = d V + Ω3 , (10)
are dened in terms of the supersymmetric invariant one
form
m = dxm + θΓmdθ , (11)
whose components are mν = ∂µx
m − θΓm∂µθ 3, and
Ωi = θ /^τidθ (12)
where /^ = ^mΓm and ^m = m − 12 θΓmdθ. The RR-
elds can be found in [15]. It will be important for us
just to know that C(2) = Ω1.
The transformations we are interested in were actually
found in [10]. In that paper, the action (9) was proven to
be invariant under the following set of transformations :





δFµν = λKµν (15)
δKµν = −λFµν (16)






3We are using the same conventions for the Dirac matrices
and forms as those given in [14].
4εµνρσ denotes the covariantly constant antisymmetric ten-
sor with indices raised and lowered by Gµν .
One can check that
Kµν = −
p−detGp−det (G + F)

~Fµν + T Fµν

+C(2)µν , (18)
where ~F stands for the Hodge dual of the two form F
and T = 14Fµν ~Fµν .
Some comments are in order at this point. First of
all, since it is the gauge invariant eld strength Fµν that
transforms linearly (15), it is indeed true that the gauge
potential V transforms non-locally as stressed in the in-
troduction. In fact such a transformation was written
down explicitly in the bosonic case in [16]. The only
matter elds that transform are the fermionic scalars θi
whose innitesimal transformation coincides with the in-
nitesimal transformations of the corresponding super-
symmetry generators Qi used in the algebraic analysis.
To get a more physical intuition of the previous trans-
formations and to further relate them with the algebraic
discussion, we shall evaluate them on a well-known BPS
conguration : dyons. These are ν = 14 solitons rep-
resenting (p, q) strings ending on the D3-brane. They
correspond to the array
D3 : 1 2 3
F1 : 4
D1 : 4 .
As all BPS congurations, they are characterized by some
BPS equations




abcFbc = sin α δab∂by a, b, c = 1, 2, 3 (20)
where y stands for the transverse excited scalar eld
(along the 4th spacetime direction, as indicated in the
previous array), and some supersymmetry projection
conditions
Γ0123 iτ2 =  (21)
Γ0y (cosα τ3 + sinα τ1)  =  . (22)
Equation (21) tells us our solution is describing a D3-
brane along directions 123, whereas (22) describes a non-
threshold bound state of strings (τ3 factor) and D-strings
(τ1 factor). Such an interpretation is further conrmed
by computing its energy. The latter is given by













where ED3 corresponds to the vacuum energy of an
innite planar D3-brane along 123 directions, whereas
the second factor corresponds to the energy of a non-
threshold bound state of strings and D-strings. The com-
putation of (23) is entirely eld theoretical, and in par-








~E  ~ry , Y (1)4 =
Z
D3
~B  ~ry . (24)
Equation (23) matches the pure algebraic analysis result.










+ Γ123iτ2 Y123]jα >= EBPS jα > .
Let us evaluate transformations (15)-(16) for this con-
guration. From the on-shell equalities
p−detG ~F 0a =
Ba and




~F0a = − ~F 0b (δba + ∂by∂ay) , (25)
which allow us to nd
K0a = −Ba
Kab = abcF0c , (26)
where we have used thatp
−det (G + F) = 1 + sin2 αδab∂ay∂by .
The latter lead to the well-known SO(2) innitesimal
transformations
δEa = −λBa
δBa = λEa , (27)
whose nite form is
E0a = cosλEa − sin λBa = cos(α + λ)∂ay
B0a = sin λEa + cosλBa = sin(α + λ)∂ay . (28)
These transformations show that indeed we are rotating
the eld theory realization of the ’central charges’ ap-
pearing in the supersymmetry algebra (24), so that we
have indeed realized the forementioned automorphism as
a non-local symmetry on the D3-brane eective action.
Furthermore, as stressed in [9], by ne tuning the pa-
rameter of the transformation (λ), one can set one of
the charges of the non-threshold bound state to zero,
the above computation being a particular example of
such behaviour 5. We would like to close this section by
pointing out that the SO(2) rotation among the electric
and magnetic elds could have been derived by requiring
kappa symmetry covariance. This is that the solution
to Γκ =  is mapped to the corresponding solution to
Γ0κ′
0 = 0, where Γ0κ′ depends on the transformed elds
and 0 = U2(α).
5It is when one goes to the quantum theory, that the
SL(2,R) automorphism group becomes an SL(2,Z) group, in
order to be consistent with charge quantization.
III. T-DUALITY AND D2-BRANES PICTURE
In the previous section, we discussed some automor-
phisms of type IIB SuperPoincare algebra and in par-
ticular, the way its SO(2) subgroup was realized non-
locally on the dynamical elds describing the D3-brane
eective action. It is natural to wonder about this sym-
metry structure in type IIA, both algebraically and from
the D2-brane eld theory perspective. We leave the M-
theory interpretation for the next section.
It is already known the relation among type IIA and
IIB SuperPoincare algebras. If a T-duality is performed
along a spacelike direction s, one may choose the super-
charges to be related as follows
Q+ = Q2 , Q− = ΓsQ1 , (29)
where Q are the type IIA supercharges. In this way,
the previous U2(α) automorphism can be rewritten as
Us = eα/2ΓsΓ11 , which indeed belongs to SO(32), the
subgroup of type IIA automorphisms preserving energy.
The latter statement can be straightforwardly derived
from the M-algebra analysis done in [9]. Notice that Γ11
is the ten dimensional chirality operator, so that Us(α)
can not be interpreted as an spacetime rotation. From
the type IIA superalgebra perspective, it has to do with
the freedom one has to make the choice (29) when relat-
ing both superalgebras under T-duality. As discussed be-
fore, such automorphisms will \rotate" several doublets
of charges appearing in type IIA, while keeping some oth-
ers invariant. In particular, charges Zsm and Zm corre-
sponding to D2-branes and fundamental strings will form
an SO(2) doublet under Us(α) transformations. We refer
the reader to [9] for such a discussion.
Once we apply a T-duality transformation, we loose
spacetime covariance, but it is clear that one could have
performed a T-duality along a dierent spacelike direc-
tion s0, so that it should be expected not just a single
transformation but a set of them, Um = eαm/2ΓmΓ11
m = 1, . . . , 9 to be relevant in the T-dual description.
This will be conrmed in the eld theory analysis.
Let us move to the eld theory perspective. In [17,18],
the way longitudinal T-duality is realized on D-brane ef-
fective actions was studied, not only at the level of the
action functional but also on its symmetry structure. The
latter will be particularly useful for us in order to derive
the symmetry structure inherited by the D2-brane from
its T-dual D3-brane. Since no bosonic scalar eld (xm)
transforms under U2(α) (see equation (13)), there will be
no compensating dieomorphism transformation coming
from the partial gauge xing involved in the world volume
realization of T-duality (xs = ρ) 6. Thus, we can directly
6Spacetime coordinates {xm} are splitted into {xmˆ, xs}
4
study the double dimensional reduction of the transfor-
mation laws (14)-(16). Let us start from the fermionic
sector. As shown in [18], the relation among type IIA
and type IIB fermions is given by
θ+ = θ2 , θ− = Γsθ1 . (30)
Just as for the supersymmetry generators, it is possible





where, as usual, θ = θ+ + θ−, the subindex indicating its
ten dimensional chirality.
Since under T-duality, one of the gauge eld compo-
nents (Vρ) becomes a world volume scalar in the T-dual
theory (~xs), it must be expected to get non-local transfor-
mations not just for the reduced gauge eld components
(Vµ^) but also for ~xs. Double dimensional reduction of
transformations (15) and (16) gives
δKµ^ν^ = −λFµ^ν^ , δFµ^ν^ = λKµ^ν^ (32)
δKµ^ρ = −λ∂µ^~xs , δ∂µ^~xs = λKµ^ρ (33)
whereas the remaining scalars do still remain invariant
(δxm^ = 0). In the latter expressions, Kµ^ν^ and Kµ^ρ are
given by











+θ /^µ^ΓsΓ11∂ν^θ − (µ^ $ ν^) , (34)







It must be understood that all elds appearing in (34)
and (35) are type IIA elds, furthermore, the (µ^ $ ν^)
prescription just applies to the third line in (34).
Notice that transformation (34) is manifestly non-
covariant, since it depends on the direction along which
we perfom T-duality, whereas (35) is totally covariant.
In order to check whether the T-dual D2-brane action
has more non-local symmetries than the ones described
before, we shall compute the commutator of a ten dimen-
sional Lorentz transformation (ωmn) and one of our new
symmetry transformations (λ) :
[δ , ~δ]θ = λωspΓpΓ11θ = ~λpΓpΓ11θ . (36)
whereas world volume ones according to {σµ} = {σµˆ, ρ}.
Due to the antisymmetry of the Lorentz parameter ωsp,
p is denitely dierent from s. This shows that our
three dimensional eld theory has a larger set of non-
local transformations 7 which can be obtained just by
making covariant the previous ones,
δθ = λ2 ΓmΓ11θ , (37)
δKmµ^ν^ = −λmFµ^ν^ , δFµ^ν^ = λmKmµ^ν^ (38)
δKµ^ρ = −λm∂µ^xm , δ∂µ^xm = λmKµ^ρ (39)
where
Kmµ^ν^ = −











+θ /^µ^ΓmΓ11∂ν^θ − (µ^ $ ν^) (40)
We would like to stress that such ’enhancement’ of sym-
metry is typical of T-duality and it is certainly not con-
strained to the particular construction used here.
Just as for the D3-brane case, we shall analyze the
behaviour of some particular BPS conguration under
these new transformations. We shall T-dualize the pre-
vious dyonic conguration along the direction 3. The
T-dual array is given by
D2 : 1 2
F1 : 4
D2 : 3 4 .
By the analysis done in [18], it is known that its BPS
equations are described by the double dimensional re-
duction of equations (19) and (20)
F0a^ = cosα ∂a^y (41)
a^b^∂b^~x
3 = sin α δa^b^∂b^y a^, b^ = 1, 2 (42)
F12 = 0 . (43)
The third equation states that there are no D0-branes
being described by our conguration as can be further
conrmed by looking at the supersymmetry projection
conditions
Γ012 =  (44)
(cosα Γ0yΓ11 + sin α Γ03y)  =  (45)
which are obtained from (21)-(22) by direct application
of the fermionic rules (30). Notice that when α = 0, we
recover the usual BIon describing a fundamental string
ending on the D2-brane, whereas for α = pi2 , we recover
7Similar arguments can be applied to the remaining bosonic
scalar fields on the brane.
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the Cauchy-Riemann equations describing the intersec-
tion of two D2-branes at a point, D2 ? D2(0). Both
congurations are related to each other by application of
transformations (38) and (39). Computing them when
(41)-(43) are satised or just by double dimensionally
reducing equations (27) we get
δ ~E = −λ ?r~x3
δ
(
?r~x3 = λ~E , (46)
where we are using the standard two dimensional calculus
notation, that is, ~r = (∂1 , ∂2) and ?~r = (∂2 ,−∂1). Its
nite transformation is
~E0 = cosλ ~E − sin λ ? ~r~x3
= cos (α + λ) ~ry
?~r~x03 = sin λ ~E + cosλ ? ~r~x3
= sin (α + λ) ~ry (47)
Thus, as expected, by ne tuning the global parameter
λ, we interpolate between BIon congurations and D2 ?
D2(0) intersections.
The SO(2) rotation described by (46) ts with the su-
persymmetry algebra picture. In this case, the charge





~E  ~ry , (48)
whereas the charge carried by the second D2-brane ad-




?~rx3  ~ry . (49)
Thus we see that Zy, Z3y are indeed rotated under (46)
transformations, as the pure algebraic digression was sug-
gesting to us.
IV. M-THEORY INTERPRETATION
It is natural to wonder about the M-theory interpre-
tation of any symmetry structure found in type IIA the-
ory. In the following, we shall reformulate all previous
results from an eleven dimensional perspective, both al-
gebraically and from a eld theory scenario. Due to the
relation among N = 1 D = 11 SuperPoincare algebra
and N = 2 D = 10 type IIA SuperPoincare algebra, the
latter being the dimensional reduction of the former, it
is straightforward to reinterpret the previous SO(32) au-
tomorphisms as SO(10) rotations, which we shall denote
as Um(α) = eαm/2ΓmΓ] 8. Due to its rotational charac-
ter, preservation of energy is guaranteed. This picture
8We use the symbol ] to refer to the eleven dimensional
direction, as it is usually done in the literature.
also agrees with the well-known fact that an S-duality
transformation (α = pi2 ) in type IIB is seen as a rota-
tion interchanging the two independent cycles in the two
torus needed to relate M-theory with type IIB string the-
ory [14].
The advantage of the M-theory formulation is that the
previous non-local transformations will be linearly real-
ized on the M2-brane eective action. It is actually very
simple to match both results. Since the D2-brane eec-
tive action is related to the M2-brane one by a world vol-
ume dualization [13], the linearly realized rotation (ωm])
will induce a linear transformation on the gauge invari-
ant quantity F , but a non-local one on the abelian U(1)
gauge eld, as discussed previously.
Let us look into this connection more closely. Consider
the three dimensional M2-brane eective action propa-
gating in SuperPoincare [19]. The latter is invariant un-
der the global SO(10) rotations
δxm = ωmy y




ωmy ΓmΓ] θ , (50)
where xm = ηmnxn and we have already splitted the
eleven dimensional bosonic scalar elds into fxm, yg. The
basic equation relating the scalar eld y with its three
dimensional dual V is given by






where v is an auxiliary scalar density whose value can be





−det (G(10) + F) . (52)
Comparing with the objects appearing in the D2-brane
transformations, we realize that equation (51) is equiva-
lent to
∂µy = Kµρ . (53)
From equation (53), we recover the set of transformations
for the dynamical elds on the D2-brane,
δ∂µy = −ωmy∂µxm , δKµρ = −ωmy∂µxm (54)
δ∂µx
m = ωmy∂µy , δ∂µxm = ωmyKµρ , (55)
whereas the fermionic transformations are trivially iden-
tied since the eleven dimensional Majorana spinors θ are
splitted into θ1 + θ2, the two dierent chiral Majorana-
Weyl spinors in type IIA. Thus the linear transformations
(50) are mapped, through the world volume dualization
(51), to non-local transformations on the D2-brane ac-
tion, by identifying ωmy = λm. Notice that this eleven
6
dimensional interpretation again agrees with the symme-
try enhancement found in the D2-brane when looking at
it from its T-dual D3-brane.
To nish up the M-theory discussion, we shall comment
on the uplifted BPS conguration corresponding to the
previous section. This is described by the array
M2 : 1 2
M2 : 4 5
M2 : 3 4 .
We shall set the static gauge xµ = σµ µ = 0, 1, 2 to de-
scribe the location of the world volume brane and excite
three transverse scalars xi i = 3, 4, 5. We shall nd the








p−detG  . (56)
Just from inspection of the latter array, three sin-
gle brane projectors will be involved in the solution
fΓ012, Γ045, Γ034g. Following the analysis presented in
[9], the supersymmetry projection conditions must be
Γ012 =  (57)
(cosα Γ045 + sin α Γ034)  =  . (58)
The left hand side of equation (56) equals








where a, b = 1, 2. Requiring 0ab∂bxiΓ0ai to vanish and
using the identities
Γ014 = − (cosα Γ025 + sin α Γ023) 
Γ024 = (cosα Γ015 + sin α Γ013)  , (59)
derived from (57) and (58), we get the set of BPS equa-
tions
cosα ~rx4 = ?~rx5 (60)
sin α ~rx4 = ?~rx3 . (61)
Notice that they interpolate among M2 ? M2(0) cong-
urations in denite directions for α = 0, pi2 . The remain-














The last one is identically zero due to (60) and (61),
whereas the rst one equals
(x4)2 (cosα Γ045 + sinα Γ034)  = (x4)2 (63)
by (60)-(61) and (58). Thus the left hand side equals
(1 + (x4)2).
To check the matching with the right hand side, we
must compute the world volume induced metric when
(60) and (61) are satised. This is given by
G00 = −1 , G0a = G12 = 0 (64)
G11 = 1 +
P
i(∂1x
i)2 = 1 + (x4)2 (65)
G22 = 1 +
P
i(∂2x
i)2 = 1 + (x4)2 (66)
and indeed shows that
p−detG  = (1 + (x4)2), match-
ing our previous computation.
At this point, one can check the existence of an SO(10)
rotation relating the latter BPS conguration with
M2 : 1 2
M2 : 4 5 .
Following our general discussion, such a rotation must
be U = eβΓ53/2. Indeed, this rotation in the 35-plane
transforms the BPS equations (60)-(61) into
?~rx05 = cos(α + β) ~rx4 (67)
?~rx03 = sin(α + β) ~rx4 (68)
which show that by setting β = −α, x03 becomes con-
stant, and there is thus no longer an excited scalar in that
direction. The second supersymmetry condition (58) is
also conveniently mapped into Γ0450 = 0, conrming
our previous interpretation.
Rotations in the 35-plane indeed rotate the corre-
sponding M2-brane charges in the supersymmetry alge-








?~rx3  ~rx4 . (69)
Once we have understood the M-theory conguration,
it is straightforward to recover all previous D2-brane BPS
equations (19)- (20) and supersymmetry conditions (21)-
(22) by explicitly using the relation (53) on-shell. This
nishes the consistency check of the exposed non-local
transformations into the web of M/string theory duali-
ties.
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